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Given a matrix Lie algebra one can construct the 3-Lie algebra by means of the trace of a
matrix. In the present paper we show that this approach can be extended to the infinite-
dimensional Lie algebra of vector fields on a manifold if instead of the trace of a matrix
we consider a differential 1-form which satisfies certain conditions. Then we show that
the same approach can be extended to matrix Lie superalgebras gl (m, n) if instead of the
trace of a matrix we make use of the super trace of a matrix. It is proved that a graded
triple commutator of matrices constructed with the help of the graded commutator and
the super trace satisfies a graded ternary Filippov-Jacobi identity. In two particular
cases of gl (1, 2) and gl(2, 2) we show that the Pauli and Dirac matrices generate the
matrix 3-Lie superalgebras, and we find the non-trivial graded triple commutators of
these algebras. We propose a Clifford algebra approach to 3-Lie superalgebras induced
by Lie superalgebras. We also discuss an application of matrix 3-Lie superalgebras in
BRST-formalism.
Keywords: 3-Lie algebra; 3-Lie superalgebra; BRST-supersymmetry; Pauli matrices;
Dirac matrices; Clifford algebra.
1. Introduction
A concept of n-Lie algebra, where n ≥ 2, was introduced and studied by V.T. Filip-
pov in [1]. This structure turned out to be fruitful, and one of reasons for interest in
this structure is its connection with a generalization of classical mechanics, where a
ternary Nambu bracket replaces the classical binary Poisson bracket, proposed by
Y. Nambu in [2]. The question of quantization of the Nambu bracket turned out to
be difficult, and the quantization problem of the Nambu bracket is studied in [3],
[4], [5]. Recent developments in this field of research show that 3-Lie algebras play
an important role in M-theory generalization of the Nahm equation [6],[7].
In the paper [3] devoted to the problem of quantization of a triple Nambu bracket
the authors show that given a matrix Lie algebra gl (n) of matrices on nth order
one can define the triple commutator by means of the usual binary commutator of
two matrices and the trace of a matrix as follows:
[A,B,C] = TrA [B,C] + TrB [C,A] + TrC [A,B], (1)
1
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where A,B,C ∈ gl (n). Then the authors prove that this triple commutator satisfy
the ternary Filippov-Jacobi identity and hence a matrix Lie algebra gl (n) induces
the 3-Lie algebra. The cohomologies of induced 3-Lie algebras are studied in [8],
[9]. Our aim in the present paper is to show that the method of induced 3-Lie
algebras can be extended to infinite-dimensional Lie algebra of vector fields of a
smooth manifold and to matrix 3-Lie superalgebras. In the case of the Lie algebra
of vector fields of a manifold we define a triple commutator of three vector fields by
a formula analogous to (1), where the trace of a matrix is replaced by a differential
1-form ω. Then it can be proved that a triple commutator of vector fields satisfies
the Filippov-Jacobi identity if a differential 1-form satisfies two conditions
ω(X)Y (ω(Z)) = ω(Y )X(ω(Z)), ω ∧ dω = 0, (2)
where X,Y, Z are vector fields.
In the case of a matrix Lie superalgebra glt(m,n) we define a graded triple com-
mutator of three matrices by a formula similar to (1), where instead of the trace
of a matrix we use the super trace and graded binary commutator [10], [11]. We
prove that a graded triple commutator of matrices satisfies the graded Filippov-
Jacobi identity. Hence a matrix Lie superalgebra gl (m,n) induces the matrix 3-Lie
superalgebra, which we denote by glt(m,n). Then we consider two particular 3-Lie
superalgebras glt (1, 1), glt(2, 2). In the case of the first one we take the Pauli ma-
trices as the generators and find all non-trivial graded triple commutators of the
Pauli matrices. Then we take the Dirac matrices as the generators of the second
3-Lie superalgebra and also find all non-trivial graded triple commutators of the
Dirac matrices. Finally we consider a general case of 3-Lie superalgebra glt(n, n)
and apply a supermodule of spinors over a Clifford algebra [12] in order to find all
non-trivial graded triple commutators of glt(n, n).
We conclude the present paper by discussion of possible application of a matrix
3-Lie superalgebra glt(m,n) in a gauge field theory. We propose an analog of super-
symmetry transformation δ constructed by means of a graded triple commutator.
We show that the structure of this supersymmetry transformation is similar to
usual BRST-supersymmetry operator [13] with additional new term which appears
due to a ternary structure of graded commutator. Our analog of supersymmetry
transformation depends on two ”fields”, where one is a ”bosonic field” and the
second is a ”fermionic field”, which play a role of parameters of supersymmetry
transformation. We show that a fermionic field can be identified with a ghost field
and a bosonic field with an auxiliary field B of BRST-supersymmetry operator. We
find a condition for δ2 = 0.
2. 3-Lie algebra of vector fields
We remind that a vector space g is said to be a Lie algebra if g is endowed with
a binary Lie bracket [ , ] : g× g → g, which is skew-symmetric [a, b] = −[b, a] and
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satisfies the Jacobi identity
[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0.
The Jacoby identity can be written in the form
[a, [b, c]] = [[a, b], c] + [b, [a, c]], (3)
which shows that Lie bracket with an element a applied to Lie bracket [b, c] can be
viewed as a derivation.
One way to generalize a concept of Lie algebra is to increase the number of ar-
guments in Lie bracket, i.e. to consider n-ary Lie bracket. In this case the binary
Jacoby identity (3) suggests that an analog of Jacoby identity in the case of n-ary
Lie bracket can be obtained if one requires for n-ary Lie bracket to be a derivation.
This way of generalization was proposed by V.T. Filippov in [1] and later this gen-
eralization of a concept of Lie algebra turned out to be very useful in generalized
Nambu mechanics [5]. An n-Lie algebra g is a vector space equipped with a n-ary
Lie bracket [ . , . . . , . ] : g× . . . × g (n times)→ g, which is skew-symmetric, i.e.
an n-ary Lie bracket changes the sign if one interchanges the positions of any two
elements insight n-ary Lie bracket
[a1, . . . , ai, . . . , aj , . . . , an] = −[a1, . . . , aj , . . . , ai, . . . , an],
and satisfies the n-ary Filippov-Jacobi identity
[a1, . . . , an−1, [b1, . . . , bn]] =
n∑
k=1
[b1, . . . , [a1, . . . , an−1, bk], . . . , bn]. (4)
Particularly a 3-Lie algebra is a vector space g equipped with a ternary Lie bracket
[ , , ] : g× g× g→ g, which satisfies
[a, b, c] = [b, c, a] = [c, a, b], [a, b, c] = −[b, a, c] = −[a, c, b] = −[c, b, a], (5)
and the ternary Filippov-Jacobi identity
[a, b[c, d, e]] = [[a, b, c], d, e] + [c, [a, b, d], e] + [c, d, [a, b, e]]. (6)
Let e1, e2, . . . , en be a basis for a 3-Lie algebra g. The structural constants of 3-Lie
algebra g are defined by
[ei, ej, ek] = t
l
ijk el. (7)
From the symmetries of ternary commutator (5) and the ternary Filippov-Jacobi
identity (6) it follows that the structural constants of 3-Lie algebra g satisfy
tlijk = t
l
jki = t
l
kij , t
l
ijk = −t
l
jik = −t
l
ikj = −t
l
kji,
and
tmijk t
k
rps + t
m
psk t
k
rji + t
m
rsk t
k
jpi + t
m
rpk t
k
jis = 0. (8)
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In [3] the authors showed that given a matrix Lie algebra gl(n) of square matrices of
nth order one can construct a 3-Lie algebra by means of trace of a matrix. We briefly
remind the method proposed in [3]. If A,B,C ∈ gl(n) are three square matrices of
nth order then one can define their ternary commutator by
[A,B,C] = Tr(A) [B,C] + Tr(B) [C,A] + Tr(C) [A,B]. (9)
It is proved in [3] that ternary commutator (9) satisfies the ternary Filippov-Jacobi
identity, and this makes a matrix Lie algebra gl(n) the 3-Lie algebra. Later in [9]
this method was extended to m-Lie algebras with an analog of a trace and the
cohomologies of induced (m+1)-Lie algebras were studied. In this paper we extend
the method of induced 3-Lie algebras of [3] to Lie algebra of vector fields of a
smooth finite dimensional manifold obtaining an infinite-dimensional 3-Lie algebra
of vector fields.
LetM be a smooth n-dimensional manifold,D(M) be the Lie algebra of vector fields
of M , and Ωk(M) be the space of differential forms of kth degree. Let ω ∈ Ω1(M)
be a differential 1-form and d : Ωk(M)→ Ωk+1(M) be the exterior differential. We
define the ternary commutator of three vector fields X,Y, Z ∈ D(M) by
[X,Y, Z] = ω(X) [Y, Z] + ω(Y ) [Z,X ] + ω(Z) [X,Y ]. (10)
Theorem 1. The ternary commutator (10) satisfies the ternary Filippov-Jacobi
identity (6) if a 1-form ω satisfies two conditions:
(1) ω(X)Y (ω(Z)) = ω(Y )X(ω(Z)), X, Y, Z ∈ D(M),
(2) ω ∧ dω = 0.
We can find an equivalent form of the second condition by making use of the formula
dω(X,Y ) = X(ω(Y ))− Y (ω(X))− ω([X,Y ]). (11)
Indeed we have
ω ∧ dω(X,Y, Z) = ω(X) dω(Y, Z)− ω(Y ) dω(X,Z) + ω(Z) dω(Y, Z). (12)
Now substituting the formula for exterior differential (11) into ω in (12) and making
use of the first condition of Theorem 1 we obtain the equivalent form of the second
condition
ω(X)ω([Y, Z]) + ω(Y )ω([Z,X ]) + ω(Z)ω([X,Y ]) = 0. (13)
We can apply Theorem 1 to finite dimensional Lie groups. Let G be a finite di-
mensional Lie group dimG = r, g be its Lie algebra of left-invariant vector fields,
X1, X2, . . . , Xn be a basis for the Lie algebra g, and θ
1, θ2, . . . , θn be the dual basis
for the algebra of left-invariant forms. Let ω be a left-invariant form of G. Then
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for any two left-invariant vector fields X,Y we have X(ω(Y )) = 0. Hence any left-
invariant 1-form ω satisfies the first condition of Theorem 1. Thus a left-invariant
1-form ω can be used to construct the 3-Lie algebra structure on a Lie algebra
g if it satisfies ω ∧ dω = 0. Particularly any closed left-invariant 1-form dω = 0
can be used in (10) to construct a ternary commutator, which satisfies the ternary
Filippov-Jacobi identity.
As an example let us consider a matrix Lie group GL (n) of invertible square ma-
trices of nth order and its Lie algebra gl (n) of all square matrices of nth order. We
can choose the basis Ekl , where (E
k
l )
i
j = δ
k
j δ
i
l , for the Lie algebra gl (n). Then
[Eij , E
k
l ] = δ
i
l E
k
j − δ
k
j E
i
l .
Let θ = (θij) be the matrix of dual basis for gl
∗ (n), where θij(E
k
l ) = δ
i
l δ
k
j . Then
dθij = θ
i
l ∧ θ
l
j ,
or in matrix form dθ = θ ∧ θ. The 1-form ω = Tr θ is closed dω = 0, because
dω = d(Tr θ) = Tr dθ = Tr θ ∧ θ,
and Tr θ ∧ θ = 0. If A = (Aij) ∈ gl (n) is any matrix of nth order then it is easy
to see that ω(A) = TrA and we proved as the special case of Theorem 1 that the
ternary commutator (9) satisfies the ternary Filippov-Jacobi identity.
3. Matrix 3-Lie superalgebras glt(m,n)
A concept of Lie algebra can be extended to Z2-graded structures, and this extension
is called a Lie superalgebra. Similarly the notion of n-Lie algebra can be extended to
Z2-graded case, and we call this extension a n-Lie superalgebra. In this section we
remind a definition of 3-Lie superalgebra and show that the method of constructing
matrix 3-Lie algebras by means of the binary commutator of two matrices and the
trace can be applied to construct a matrix 3-Lie superalgebra if we use the graded
commutator of two matrices and the supertrace. We prove that a graded ternary
commutator of three matrices analogous to ternary commutator (9) of previous
section, where we use graded commutator and supertrace instead of commutator
and trace, satisfies graded ternary Filippov-Jacobi identity.
A concept of Lie algebra can be extended to Z2-graded case by means of a notion
of Lie superalgebra. Let g = g0 ⊕ g1 be a Z2-graded vector space or super vector
space. The degree of a homogeneous element a of g will be denoted by |a|, and, as
usual, the elements of subspace g0 will be called even elements and the elements of
g1 will be called odd elements of super vector space g. A super vector space g is a
Lie superalgebra if it is equipped with a graded Lie bracket [ , ] : g× g→ g which
is graded skew-symmetric and satisfies the graded Jacobi identity
(−1)|a||c|[a, [b, c]] + (−1)|a||b|[b, [c, a]] + (−1)|b||c|[c, [a, b]] = 0.
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The graded Jacobi identity can be written in the form
[c, [a, b]] = [[c, a], b] + (−1)|a||c|[a, [c, b]]. (14)
We remind that a graded Lie bracket means that [gα, gβ] ⊆ gα+β , α, β ∈ Z2 or,
equivalently, the degree of [a, b], where a, b are homogeneous elements of g, is equal
to the sum of degrees of a and b, i.e. |[a, b]| = |a|+ |b|. In what follows we will denote
the sum of degrees of two homogeneous elements a, b by |ab| that is |a|+|b| = |ab|. A
graded skew-symmetry of graded Lie bracket means that for any two homogeneous
elements a, b ∈ g we have
[a, b] = −(−1)|a||b|[b, a]. (15)
A super vector space g = g0 ⊕ g1 is said to be a 3-Lie superalgebra if it is endowed
with a graded triple Lie bracket [ . , . , . ] : g× g× g→ g, i.e.
[gα, gβ, gγ ] ⊆ gα+β+γ , α, β, γ ∈ Z2,
which is graded skew-symmetric
[a, b, c] = −(−1)|a||b|[b, a, c], (16)
[a, b, c] = −(−1)|b||c|[a, c, b], (17)
[a, b, c] = −(−1)|a||b|+|b||c|+|a||c|[c, b, a], (18)
and satisfies the graded Filippov-Jacobi identity
[a, b, [c, d, e]] = [[a, b, c], d, e] + (−1)|ab||c|[c, [a, b, d], e] + (−1)|ab||cd|[c, d, [a, b, e]].(19)
It is shown in [3] that one can define a skew-symmetric triple Lie bracket for square
matrices of nth order by means of binary commutator of two matrices and the trace,
and it is proved that this triple Lie bracket satisfies the Filippov-Jacobi identity.
Thus a Lie algebra gl(n) induces the 3-Lie algebra. Now our aim is to show that
the method proposed in [3] can be extended to 3-Lie superalgebras. By other words
it will be shown that given a matrix Lie superalgebra gl(m,n) we can construct a
graded skew-symmetric triple Lie bracket with the help of graded commutator of
two matrices X,Y ∈ gl(m,n) and a supertrace. Then it will be proved that this
graded triple Lie bracket satisfies the graded Filippov-Jacobi identity (31).
Let us consider a vector space of bloc matrices
X =
(
A B
C D
)
, (20)
where A is a square matrix of order m, and D is a square matrix of order n. One
can equip this vector space with a structure of super vector space by splitting it
into two subspaces, where the first subspace is the subspaces of bloc matrices (20)
with B = C = 0 (matrices of even degree), and the second subspace is the subspace
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of matrices (20) with A = D = 0 (matrices of odd degree). In order to simplify
notations we will denote the degree of a matrix by the same, but small letter. For
instant, if a matrix is denoted by X then its degree will be denoted by x. We will
also denote the sum of two degrees x, y by xy, i.e. xy = x + y. The super vector
space of bloc matrices (20) becomes the Lie superalgebra gl(m,n) if we equip it
with the graded commutator of two matrices
[X,Y ] = X · Y − (−1)xy Y ·X. (21)
Hence for any three matrices X,Y, Z ∈ gl(m,n) the graded Jacobi identity (14)
holds
[X, [Y, Z]] = [[X,Y ], Z] + (−1)xy[Y, [X,Z]]. (22)
If at least one of matrices X,Y is of even degree then the graded commutator (21)
of X,Y is the usual commutator of two matrices [X,Y ] = X · Y − Y · X . If X,Y
are matrices of odd degree then the graded commutator (21) is anti-commutator
which will be denoted by {X,Y } = X · Y + Y ·X . We will denote the subspace of
matrices of even degree by gl0(m,n), and the subspace of matrices of odd degree
by gl1(m,n). Evidently
g = gl0(m,n)⊕ gl1(m,n),
and gl0(m,n) is the subalgebra of gl(m,n). We remind that the supertrace of a
matrix (20) is defined by
StrX = TrA− TrD. (23)
The important property of supertrace is that supertrace of graded commutator of
any two matrices is zero, i.e.
Str ([X,Y ]) = 0. (24)
It is also worth to mention that supertrace of any odd degree matrix is zero, i.e.
StrX = 0 for any X ∈ gl1(m,n).
Now we define a graded triple Lie bracket of matrices X,Y, Z ∈ gl(m,n) by
[X,Y, Z] = StrX [Y, Z] + (−1)yz xStr Y [Z,X ] + (−1)z xyStrZ [X,Y ]. (25)
A number of terms at the right-hand side of this triple Lie bracket depends on the
parities of matrices X,Y, Z. Let us consider the structure of the formula of graded
triple commutator for all possible combinations of parities of matrices. We begin
with the matrices of even subspace. If all three matrices X,Y, Z are even matrices,
then the right-hand side of (25) is the sum of cyclic permutations of X,Y, Z in
StrX [Y, Z], i.e.
[A,B,C] = Str(A) [B,C] + Str(B) [C,A] + Str(C) [A,B]. (26)
We see that in the even subspace we have the formula for graded triple commu-
tator which is similar to the triple commutator (9) used in the paper [3], but it
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is not exactly the same if the block D in a matrix (20) is not trivial. Taking into
account that the supertrace of a matrix of odd degree is zero, we get from (25)
the expressions for graded triple commutators of matrices for other combinations
of parities
(1) if X is an odd matrix and Y, Z are even matrices then
[X,Y, Z] = Str Y [Z,X ]− StrZ [Y,X ], (27)
(2) if X,Y are odd matrices and Z is even then
[X,Y, Z] = StrZ {X,Y }, (28)
(3) if X,Y, Z are odd degree matrices then
[X,Y, Z] = 0.
These formulae (and similar formulae for various arrangements of odd and even
matrices in triple Lie bracket) clearly show that (25) is the graded triple Lie bracket,
i.e. the degree of [X,Y, Z] is equal to the sum of degrees of matrices X,Y, Z.
Now our aim is to show that the graded triple Lie bracket (25) is graded skew-
symmetric. Indeed rearranging matrices X,Y in the graded triple Lie bracket we
get
[Y,X,Z] = Str Y [X,Z] + (−1)xz yStrX [Z, Y ] + (−1)z xyStrZ [Y,X ]. (29)
Making use of the graded skew-symmetry of graded commutator, each term of the
right-hand side of (29) can be written as follows:
(−1)xz yStrX [Z, Y ] = −(−1)xy StrX [Y, Z],
StrY [X,Z] = −(−1)xy
(
(−1)xyzStr Y [Z,X ]
)
,
(−1)z xyStrZ [Y,X ] = −(−1)xy
(
(−1)z xyStrZ [X,Y ]
)
.
Substituting the right-hand sides of these relations into (29) we obtain
[X,Y, Z] = −(−1)xy[Y,X,Z],
and this proves the relation (16). Analogously we can verify the relations (17),(18).
Theorem 2. The graded triple Lie bracket (25) satisfies the graded Filippov-Jacobi
identity
[X,Y, [Z, V,W ]] = [[X,Y, Z], V,W ] + (−1)xy z [Z, [X,Y, V ],W ]
+(−1)xy zv[Z, V, [X,Y,W ]]. (30)
In order to prove this theorem let us denote
A = [Z, V,W ], B = [X,Y, Z], C = [X,Y, V ], D = [X,Y,W ].
Then the graded Filippov-Jacobi identity (30) can be written as
[X,Y,A] = [B, V,W ] + (−1)xy z [Z,C,W ] + (−1)xy zv[Z, V,D]. (31)
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We begin with the left-hand side of graded Filippov-Jacobi identity. The matrix A
is the linear combination of graded binary commutators
A = StrZ [V,W ] + (−1)z vwStr V [W,Z] + (−1)w zvStrW [Z, V ].
Because the super trace makes a graded commutator vanish we have StrA = 0.
Thus the left-hand side of the Filippov-Jacobi identity (31) takes the form
[X,Y,A] = StrX [Y,A] + (−1)x yaStr Y [A,X ] =
= StrX StrZ [Y, [Z,W ]] + g.c.p.(Z, V,W )
+(−1)xya
(
StrY StrZ [[Z,W ], X ]
+g.c.p.(Z, V,W )
)
, (32)
where a is the degree of a matrix A, and ”g.c.p.(Z, V,W )” (graded cyclic permu-
tations) means that one should perform a cyclic permutations of matrices Z, V,W
in a preceding term together with multiplication by (−1)z vw for the permutation
(Z, V,W ) → (V,W,Z) and by (−1)w zv for (Z, V,W ) → (W,Z, V ). Thus there are
six terms at the left-hand side of the graded Filippov-Jacobi identity (31).
Analogously StrB = StrC = StrD = 0, and the terms at the right-hand side of
the graded Filippov-Jacobi identity (31) can be written as
[B, V,W ] = (−1)b vw
(
Str V StrX [W, [Y, Z]] + g.c.p.(X,Y, Z)
)
+(−1)w bv
(
StrW StrX [[Y, Z], V ] + g.c.p.(X,Y, Z)
)
,
[Z,C,W ] = StrZ StrX [[Y, V ],W ] + g.c.p.(X,Y, V )
+(−1)w cz
(
StrW StrX [Z, [Y, V ]] + g.c.p.(X,Y, V )
)
,
[Z,C,W ] = StrZ StrX [V, [Y,W ]] + g.c.p.(X,Y,W )
+(−1)z vd
(
StrV StrX [[Y,W ], Z] + g.c.p.(X,Y,W )
)
.
Thus there are totally 18 terms at the right-hand side of the graded Filippov-Jacobi
identity.
Now let us consider the first term at the left-hand side of the identity (32)
StrX StrZ [Y, [Z,W ]]. (33)
There are two similar terms at the right-hand side of the identity, and they are the
first terms in the expressions for [B, V,W ] and [Z,C,W ] multiplied by correspond-
ing coefficients shown in (31))
StrZ StrX
(
(−1)z xy[[Y, V ],W ] + (−1)zv xy[V, [Y,W ]]
)
. (34)
The terms (33),(34) vanish if at least one of matrices X,Z is of odd degree, because
the super trace of a matrix of odd degree is zero. Hence what is remained is the
case when both matrices X,Z are matrices of even degree that is x = z = 0. But
in this case the expression (34) takes the form
StrZ StrX
(
[[Y, V ],W ] + (−1)vy[V, [Y,W ]]
)
. (35)
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We see that the term (33) at the left-hand side of the identity is canceled by two
terms (35) of the right-hand side of identity because all together they form the usual
graded Jacobi identity. Analogously it can be shown that all the rest five terms at
the left-hand side of the identity (32) are canceled by the corresponding terms of
the right-hand side of the identity.
Now after these cancellations there are no more non-trivial terms at the left-hand
side of the identity, and at the right-hand side there are 18− 12 = 6 terms. These
terms can be split into pairs such that they cancel each other. For instant, in the
first half of the expression [B, V,W ] there is the term
(−1)b vw+z xy
(
Str V StrZ [W, [X,Y ]], (36)
where b = x + y + z, determined by the permutation (X,Y, Z) → (Z,X, Y ). This
term is non-trivial only when v = z = 0, i. e.
(−1)w xy
(
StrV StrZ [W, [X,Y ]]. (37)
The expression [Z,C,W ], accordingly to (31) multiplied by (−1)z xy, has the similar
term
(−1)vz xyStr V StrZ [[X,Y ],W ],
which is determined by the cyclic permutation (X,Y, V ) → (V,X, Y ) in the first
half of the expression [Z,C,W ]. Because this term is non-trivial only in the case
v = z = 0, we can write it as follows
Str V StrZ [[X,Y ],W ] = −(−1)w xyStr V StrZ [W, [X,Y ]]. (38)
Now it is evident that the sum of two terms (37),(38) is zero, and this ends the
proof.
This theorem shows that a vector space of bloc matrices (20) equipped with the
graded triple Lie bracket (25) is the 3-Lie superalgebra, and we will denote this
3-Lie superalgebra by glt(m,n). Evidently this algebra can be viewed as the 3-Lie
superalgebra induced by the matrix Lie superalgebra gl(m,n), because we construct
the graded triple Lie bracket (25) by means of graded binary commutator of two
bloc matrices.
4. 3-Lie superalgebras glt(1, 1), glt(2, 2) . Pauli and Dirac matrices
In this section we study the structure of induced matrix 3-Lie superalgebra with
the help of generators and the structure constants. We study the structure of the
3-Lie superalgebra glt(1, 1) of 2 × 2-matrices choosing the Pauli matrices and the
unit matrix E2 as the basis for the vector space of 2×2-matrices, and the structure
of the 3-Lie superalgebra glt(2, 2) of 4 × 4-matrices taking the Dirac matrices and
the unit matrix E4 as the basis for the vector space of 4× 4-matrices. We find the
non-trivial graded triple commutators of these algebras.
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Let us consider the matrix 3-Lie superalgebra glt(m,n) induced by a matrix Lie
superalgebra gl(m,n). Let us choose a basis Ti, where i = 1, 2, . . . ,m
2+n2, for the
even subspace gl0(m,n) and a basis Sµ, where µ = 1, 2, . . . , 2mn, for the odd sub-
space gl1(m,n). Let us denote the structure constants of a matrix Lie superalgebra
gl(m,n) as follows:
[Ti, Tj ] = c
k
ij Tk, [Ti, Sµ] = ζ
ν
iµ Sν , {Sµ, Sν} = η
i
µν Ti. (39)
The structure constants of the induced matrix 3-Lie superalgebra will be denoted
by
[Ti, Tj , Tk] = c˜
l
ijk Tl, [Sµ, Ti, Tj ] = ζ˜
ν
µij Sν ,
[Sµ, Sν , Ti] = η˜
j
µνi Tj .
The structure constants in the case of a graded triple commutator of odd generators
Sµ are all zeros, because the supertrace of any odd degree matrix is zero, i.e.
[Sµ, Sν , Sσ] = 0.
Let us denote the supertrace of even degree generators of gl(m,n) by si = StrTi.
Then we can find that the structure constants of the induced matrix 3-Lie su-
peralgebra can be expressed in terms of the structure constants of a matrix Lie
superalgebra gl(m,n) as follows:
c˜ lijk = si c
l
jk + sj c
l
ki + sk c
l
ij ,
ζ˜ νµij = si ζ
ν
jµ − sj ζ
ν
iµ, (40)
η˜
j
µνi = si η
j
µν .
Let us consider the Lie superalgebra gl(1, 1). We can choose the basis for the vector
space of gl(1, 1) which consists of the unit matrix of second order E2 and Pauli
matrices σ1, σ2, σ3, where
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
The matrix σ3 = i
−1σ1 σ2 determines the super vector space structure of C
2, where
the eigenvectors with eigenvalue 1 (-1) form the subspace of even (odd) vectors C20
(C21), and C = C
2
0 ⊕ C
2
1. Then, according to this super vector space structure of
C
2, the matrices E2, σ3 are the even generators of the Lie superalgebra gl(1, 1) and
the Pauli matrices σ1, σ2 are the odd generators of gl(1, 1). We have the following
non-trivial graded commutators of this Lie superalgebra:
[σ3, σ1] = 2i σ2, [σ3, σ2] = −2i σ1, (41)
{σ1, σ1} = 2E2, {σ2, σ2} = 2E2.
If we denote the generators of Lie superalgebra gl(1, 1) by e1 = E2, e2 = σ3 and
f1¯ = σ1, f2¯ = σ2,, then the non-trivial structure constants are
ζ 2¯21¯ = 2i, ζ
1¯
22¯ = −2i, η
1
1¯1¯ = η
1
2¯2¯ = 2. (42)
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We have s1 = StrE2 = 0, s2 = Str σ3 = 2 and, making use of (40), we find the
non-trivial structure constants of 3-Lie superalgebra glt(1, 1)
η˜11¯1¯2 = s2 η
1
1¯1¯ = 4, η˜
1
2¯2¯2 = s2 η
1
2¯2¯ = 4. (43)
Thus the 3-Lie superalgebra glt(1, 1) is generated by two even generators e1, e2, two
odd generators f1¯, f2¯ and the non-trivial triple commutators of this algebra are
[f1¯, f1¯, e2] = 4 e1, [f2¯, f2¯, e2] = 4 e1. (44)
By other words, the Pauli matrices σ1, σ2, σ3 and the unit matrix E2 generate the
3-Lie superalgebra glt(1, 1), where E2, σ3 are the even generators, σ1, σ2 are the
odd generators, and the non-trivial graded triple commutators are
[σ1, σ1, σ3] = 4E2, [σ2, σ2, σ3] = 4E2. (45)
Let us consider the 3-Lie superalgebra glt(2, 2) of 4× 4-matrices induced by the Lie
superalgebra gl(2, 2). We choose the Dirac matrices
γ0 =
(
0 −i E2
i E2 0
)
, γa =
(
0 σa
σa 0
)
, (46)
where a = 1, 2, 3, and the unit 4× 4-matrix E4 as the basis for the vector space of
gl(2, 2). The Dirac matrices satisfy the relations
γµγν + γνγµ = 2 δµν E4. (47)
The matrix
γ5 = γ0γ1γ2γ3 =
(
E2 0
0 −E2
)
,
defines the super vector space structure of C4, and the Dirac matrices (46) are the
odd matrices with respect to this super vector space structure of C4. Let us denote
γµ1...µk = γµ1 . . . γµk .
It is also useful to introduce the four matrices γ∗µ by
γ∗µ =
1
3!
ǫµνστ γνστ , (48)
where ǫµνστ is the totally anti-symmetric tensor in four dimensional vector space.
Then
γ∗0 =
(
0 i E2
i E2 0
)
, γ∗a =
(
0 −σa
σa 0
)
. (49)
Hence the matrix 3-Lie superalgebra glt(2, 2) is generated by the following 16 ma-
trices:
even subspace glt0(2, 2) : E4, γµν , γ5 (µ < ν), (50)
odd subspace glt1(2, 2) : γµ, γ
∗
ν . (51)
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A super trace of a generator of glt(2, 2) can be non-trivial only in the case of even
generator. It is easy to find that
γ0γa = −i
(
σa 0
0 −σa
)
, γaγb = i ǫabc
(
σc 0
0 σc
)
, (52)
where ǫabc is the totally anti-symmetric tensor in a 3-dimensional space. The Pauli
matrices are traceless matrices which implies that the super trace of any even
generator γµν vanishes. Because StrE4 = 0, we see that the only even generator
with non-trivial super trace is γ5, and Str γ5 = 4.
Now our aim is to find all non-trivial graded triple commutators of generators (50),
(51) of glt(2, 2) composed with the help of ordered products of the Dirac matrices.
Let us begin with the case of triple graded commutator of type [odd, odd, even].
From previous considerations it is clear that the non-trivial graded triple commu-
tators of this type have the form [γµ, γν , γ5], [γµ, γ
∗
ν , γ5] and [γ
∗
µ, γ
∗
ν , γ5]. We find
[γµ, γν , γ5] = 8 δµν E4, [γ
∗
µ, γ
∗
ν , γ5] = −8 δµν E4, (53)
[γµ, γ
∗
ν , γ5] = −8 ǫµνστ γστ , (54)
where µ < ν < σ < τ in (54). Next we consider the case of triple graded commuta-
tors of type [odd, even, even]. The non-trivial graded triple commutators have the
form [γµ, γστ , γ5], [γ
∗
µ, γστ , γ5], and we find
[γµ, γστ , γ5] = 8 (δµσ γτ − δµτ γσ),
[γ∗µ, γστ , γ5] = 8 (δµσ γ
∗
τ − δµτ γ
∗
σ). (55)
Finally the subspace of even elements glt0(2, 2) is the subalgebra of 3-Lie superal-
gebra glt(2, 2), and the non-trivial triple commutators of this subalgebra is given
by
[γµν , γστ , γ5] = 8 (δνσ γµτ + δντ γσµ − δµσ γντ − δµτ γσν). (56)
5. Clifford algebra approach to 3-Lie superalgebra glt(n, n)
In this section we generalize the matrix 3-Lie superalgebras glt(1, 1), glt(2, 2) by
means of Clifford algebra with even number of generators.
Let Cn be a Clifford algebra over C generated by γ1, γ2, . . . , γn, where n = 2m.
Thus the generators of Cn satisfy the Clifford algebra commutation relations
γiγj + γjγi = 2 δij 1,
where 1 is e unit element of Cn. Let N = {1, 2, . . . , n}, I = {i1, i2, . . . , ik}, where
1 ≤ i1 < i2 < . . . < ik ≤ n, be a subset of N and |I| be the number of integers in
I, i.e. |I| = k. For any two subsets I, J ⊂ N we define the integer
ǫ(I, J) =
∑
j∈J
ǫ(I, j),
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where ǫ(I, j) is the number of integers in I, which are greater than j. Let
us associate to each subset I of N a Clifford algebra monomial γI as follows
γI = γi1γi2 . . . γik , γ∅ = 1. Then the vector space of Clifford algebra Cn is spanned
by these monomials and any element of Clifford algebra can be expressed as a linear
combination of monomials of basis
γ =
∑
I⊂N
ξI γI ,
where ξI = ξi1i2...ik is a complex number.
Clifford algebra Cn is the superalgebra if one associates to each monomial γI the
degree |γI | as follows |γI | = |I| (mod 2), i.e. γI is even degree monomial if it is a
product of even number of generators, and γI is odd degree monomial if it contains
the odd number of generators. If we denote by C0n the subspace of even degree
monomials and by C1n the subspace of odd degree monomials then
Cn = C
0
n ⊕ C
1
n.
A product of two monomials of basis of Clifford algebra γI , γJ can be written as
monomial of basis γIγJ = (−1)
ǫ(I,J)γI∆J , where I∆J = (I ∪ J) \ (I ∩ J) is the
symmetric difference of two subsets. For symmetric difference of two subsets we
have the obvious property |I|+ |J | = |I∆J | (mod 2). Hence for any two monomials
of basis it holds |γIγJ | = |γI | + |γJ | which means that Clifford algebra Cn is the
superalgebra.
The Lie superalgebra structure of the superalgebra Cn is determined by the graded
commutator [γ, γ′] = γγ′ − (−1)|γ||γ
′|γ′γ, where γ, γ′ ∈ Cn are homogeneous ele-
ments of superalgebra Cn. Then the monomials of basis γI can be considered as
the generators of this Lie superalgebra, and for any two generators γI , γJ we have
[γI , γJ ] = f(I, J) γI∆J , (57)
where f(I, J) is the integer-valued function of two subsets of N defined by
f(I, J) = (−1)ǫ(I,J)
(
1− (−1)|I∩J|
)
.
The Lie superalgebra of a Clifford algebra Cn is isomorphic to the matrix Lie
superalgebra gl(n, n). Let C2 be the super vector space with Z2-graded structure
defined by the Pauli matrix σ3. If we identify the generators γ1, γ2 of the Clifford
algebra C2 with the Pauli matrices γ1 = σ1, γ2 = σ2 then the Lie superalgebra of
C2 is isomorphic to the matrix Lie superalgebra gl(1, 1). Taking the graded tensor
product Cn = C2 ⊗ C2 ⊗ . . . ⊗ C2(m times) and identifying generators γ2j−1, γ2j ,
where j = 1, 2, . . . ,m, of Clifford algebra Cn with σ1, σ2 in jth factor of this graded
tensor product, we get Cn ≃ EndC
n. From this it follows that the Lie superalgebra
of Cn is isomorphic to the matrix Lie superalgebra gl (n, n).
Nowmaking use of the isomorphism between the Lie superalgebra of Cn and gl (n, n)
we can consider the super trace of any element of a Clifford algebra Cn. Hence we
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can construct the 3-Lie superalgebra of a Clifford algebra Cn by means of the graded
triple commutator
[γ1, γ2, γ3] = Str γ1 [γ2, γ3] + (−1)
|γ1|(|γ2|+|γ3|)Str γ2 [γ3, γ1]
+(−1)|γ3|(|γ1|+|γ2|)Str γ3 [γ1, γ2], (58)
where γ1, γ2, γ3 ∈ Cn. We can find the non-trivial commutators of the monomials
of basis of Cn which generalize the 3-Lie superalgebras induced by Pauli and Dirac
matrices. First it follows from the way the isomorphism between the Lie superal-
gebra of Cn and gl (n, n) is constructed that the super trace of any monomial γI ,
where I ⊂ I, I 6= N is zero. This can be easily proved by means of the formula
Str (L⊗K) = StrL StrK, (59)
where L : V → V,K : W → W are linear operators of super vector spaces V,W
and L ⊗K is their graded tensor product. If γI is a monomial of basis such that
I 6= N then in the corresponding graded tensor product of linear operators of the
super vector space C2 there is at least one jth factor which contains either σ1 or σ2
(not their product). But Str σ1 = Str σ2 = 0, and (59) implies that the super trace
of the whole product vanishes. Second Str σ1σ2 = i Strσ3 = 2i, and the formula
(59) immediately gives
Str γN = (2i)
m. (60)
Thus the non-trivial graded commutators of the 3-Lie superalgebra of Cn have the
form [γI , γJ , γN ], and applying the formulae (27), (28), (57) we find
[γI , γJ , γN ] = Str γN [γI , γJ ] = (2i)
m f(I, J) γI∆J . (61)
The 3-Lie superalgebras of the Pauli and Dirac matrices are the particular cases of
3-Lie superalgebra of Cn.
6. 3-Lie superalgebra approach to BRST-operator
We wish to conclude the present paper by pointing out a possible application of a
3-Lie superalgebra glt(m,n) of matrices in a gauge field theory. We remind that in
the paper [3] the authors define the triple commutator of square matrices of Nth
order
[A,B,C] = TrA [B,C] + TrB [C,A] + TrC [A,B],
which induces the 3-Lie algebra of N ×N -matrices, and they consider an analog of
gauge transformation of a matrix A
δA = i[X,Y,A]. (62)
It is easy to write this gauge transformation in the form
δA = i
(
[(TrX)Y − (TrY )X,A] + TrA [X,Y ]
)
. (63)
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Evidently Tr
(
(TrX)Y − (Tr Y )X
)
= 0. Hence the first term in (63) can be viewed
as the usual su (N) infinitesimal gauge transformation, while the second term is
something new.
As we propose a 3-Lie superalgebra glt(m,n) of matrices constructed with the help
of the graded triple commutator (25), we can consider an analog of supersymmetry
transformations in gauge theory. Let X,A,∈ glt0(m,n) be two even matrices and
Λ,Ψ ∈ glt1(m,n) be two odd matrices. We can consider the following analog of
supersymmetry transformation
δA = [X,Λ, A], δΨ = [X,Λ,Ψ], (64)
where we use the graded triple commutator (25) and consider X,Λ as parameters
of supersymmetry transformation of ”bosonic field” A and a ”fermionic field” Ψ.
Making use of (25), we can write the supersymmetry transformation of A as follows
δA = StrX [Λ, A] + Str Λ [A,X ] + StrA [X,Λ]
= StrX [Λ, A] + StrA [X,Λ], (65)
where the middle term Str Λ [A,X ] vanishes because Λ is a fermionic field and
Str Λ = 0. Now the first term StrX [Λ, A] is similar to usual BRST-supersymmetry
transformation δAµ = ∂µc+ [Aµ, c] in a gauge field theory [13], where c is a ghost
field, which takes the form δAµ = −[c, Aµ] if a ghost field c does not depend on
a point of a manifold. Apparently the second term StrA [X,Y ] is something new
due to a ternary structure of a commutator. The supersymmetry transformation of
a fermionic field Ψ can be written
δΨ = StrX {Λ,Ψ}+ Str Λ [Ψ, X ]− StrΨ [X,Λ], (66)
and there is only one non-trivial term StrX {Λ,Ψ} in the expression at the right-
hand side because Λ,Ψ are fermionic fields and StrΨ = Str Λ = 0. Hence
δΨ = StrX {Λ,Ψ}. (67)
If we wish to get a closed algebra of BRST-like transformation then we can identify
Λ ≡ Ψ, and the transformations (65), (67) take on the form
δA = StrX [Ψ, A]− StrA [Ψ, X ], (68)
δΨ = StrX {Ψ,Ψ}. (69)
Now the supersymmetry transformation of a fermionic field Ψ is similar to BRST-
transformation of a ghost field c which is δc = − 12 [c, c].
Due to a ternary structure of a commutator our supersymmetry transformation δ
has two parameters X,Λ, where X is a bosonic field and Λ is a fermionic field.
In order to get a closed BRST-like algebra of supersymmetry transformation we
identified Λ ≡ Ψ. For X we find
δX = [X,Ψ, X ] = 0,
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and hence it is natural to identify X with an auxiliary bosonic field B of the usual
BRST-transformation, i.e. X ≡ B. It is worth to mention that there is no need to
introduce an auxiliary field B ”by hand” in order to close the BRST-algebra because
this field is a part of supersymmetry transformation from the very beginning and
δB = 0 follows from the structure of supersymmetry transformation. Thus the
supersymmetry transformation takes the form
δA = StrB [Ψ, A]− StrA [Ψ, B],
δΨ = StrB {Ψ,Ψ}.
δB = 0.
In order to find the square of the operator δ (64) we apply the graded Filippov
identity (30). Then
δ2A = [X,Λ, [X,Λ, A]] = [[X,Λ, X ],Λ, A]
+[X, [X,Λ,Λ], A]− [X,Λ, [X,Λ, A]]. (70)
The first term at the right-hand side of the above equation vanishes because X is an
even matrix and [X,Λ, X ] = 0. The last term at the right-hand side can be written
as −[X,Λ, [X,Λ, A]] = −δ2A. Similar calculations in the case of a ”fermionic field”
Ψ give
δ2A =
1
2
[X, [X,Λ,Λ], A] =
1
2
[X, δΛ, A], (71)
δ2Ψ =
1
2
[X, [X,Λ,Λ],Ψ] =
1
2
[X, δΛ,Ψ]. (72)
Making use of the definition of graded triple commutator (25) and identifying X ≡
B,Λ ≡ Ψ, we can write the second equation as
δ2Ψ =
1
2
(
StrB [δΨ,Ψ] + Str δΨ [Ψ, B] + StrΨ [B, δΨ]
)
.
The last term of this expression vanishes because Ψ is a fermionic field and StrΨ =
0. The second term vanishes because the super trace ”kills” graded commutator
Str δΨ = StrX Str {Ψ,Ψ} = 0. Thus
δ2Ψ =
1
2
StrB [{Ψ,Ψ},Ψ].
But it follows from the usual (binary) graded Jacobi identity that [{Ψ,Ψ},Ψ] = 0,
and we finally get δ2Ψ ≡ 0.
In the case of a bosonic field A the square of δ can be written as
δ2A =
1
2
(
StrB [{Ψ,Ψ}, A]− StrA [{Ψ,Ψ}, B]
)
.
Making use of the graded binary Jacobi identity, we can write
[{Ψ,Ψ}, A] = {Ψ, [Ψ, A]}+ {[Ψ, A],Ψ} = 2 {Ψ, [Ψ, A]},
[{Ψ,Ψ}, B] = 2 {Ψ, [Ψ, B]}.
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Thus
δ2A = {Ψ, StrB [Ψ, A]− StrA [Ψ, B]} = {Ψ, δA}.
Consequently if we assume that {Ψ, δA} = 0 then δ2 ≡ 0. It should be pointed out
that this assumption is very natural because in the case of the usual BRST-operator
of gauge theory δAµ and a ghost field c anticommute and {Aµ, c} = 0. In our case
we simply assume that δA and Ψ are two odd degree matrices which anticommute.
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